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Abstract. We find new sample complexity bounds for real function
learning tasks in the uniform distribution by means of linear neural net-
works. These bounds, tighter than the distribution-free ones reported
elsewhere in the literature, are applicable to simple functional link net-
works and radial basis neural networks.

1 Introduction

Learning in artificial neural networks and other learning machines is the adapta-
tion process by which the unknown input-output dependency of a finite number
of observations is estimated. In other words, learning means to search for the
function f; that best mimics the input-output mapping governing the example
data. Learning is accomplished by adjusting the parameters of the network that
minimize some training error on the set of training examples. The mentioned
function f; is one of the infinite number of functions that a network can gener-
ate by changing its weights. Nonetheless, each one of them can be classified by
capacity, and more important, this classification set of capacities is finite. The
trained machine is expected to perform correctly on data (drawn with the same
probability distribution) that has not been seen during the learning process. This
inductive learning principle for learning from examples is called Empirical Risk
Minimization (ERM). Error minimization supervised learning algorithms, such
as backpropagation, are realizations of this learning principle. The measure of
the performance on new data is called generalization. Low training error does
not guarantee low generalization error, thus there is often a trade-off between
the training error and the confidence assigned to the training error as a pre-
dictor for the generalization error. The determining factor for this confidence is
the capacity of the learning machine. The network capacity depends esentially
on the network size. In other words, larger networks are able to learn more
complex tasks, a simple fact we know by experience. In this paper we aim to
estimate the relationship between network capacity, generalization, and size of
the training set. PAC (Probably Approximately Correct) theory is a mathemati-
cal model of learning through examples that focuses on the relationship training
set size-network capacity-network generalization [19]. There are two aspects in
the theory, the statistical and the computational one. The former deals with the



estimation of the sample complexity and generalization variables of a network;
the latter with the complexity of the learning algorithm. When the complexity of
the learning algorithm is polynomial (in the number of examples and error and
confidence [12,11,10]) it is called PAC learnable or a PAC algorithm. The ERM
algorithm has been proved PAC learnable elsewhere in the literature, thus in
this paper we concentrate on the sample complexity bounds. The estimation of
the network capacity is through the Vapnik-Chervonenkis dimension (V Cgin,)-
A simple Perceptron with real weights in the inputs and sigmoidal transfer func-
tion can produce an infinite number of decision regions but only a finite number
of two class partitions. For instance, in a two dimensional input space the Per-
ceptron generates all possible two class partitions of three samples (eight). In an
input space of dimension d the maximum number of partitions the Perceptron
generates is 2%1. The exponent d + 1 is called VC dimension. In other words, in
spite of an infinite number of decision regions the Perceptron capacity is finite
and only sufficient to accurately classify d + 1 samples (in two classes). (The
VC dimension of the two neural models studied in this paper is well known).
Thus PAC learning estimates the number of samples that guarantee with some
confidence level a bounded error in the generalization of a machine M whose
capacity is dy..

Much of the work on PAC learning has been done for distribution-free data,
either for classification or function approximation problems. The search for
tighter bounds has promoted the study of data with some fixed but possibly
unknown distribution [6, 3]. In this paper we address the function learning prob-
lem in the uniform distribution, and we improve and give explicit sample com-
plexity bounds for two linear neural networks: simple functional link networks
(SFLNNs), and radial basis function neural networks (RBFNNs) [7].

The organization of this article is the following. First we introduce PAC
learning and necessary concepts around the framework. Next we prove sample
complexity bounds for SFLNNs and RBFNNs and give our conclusion in the last
section.

2 Preliminaries

We use PAC theory to study the function learning problem in the uniform dis-
tribution. Some definitions of the basic concepts over which we later develop
proofs for sample complexity bounds are given in this section.

Definition 1. (Training set) Assume X € R? any arbitrary set. A family
of functions F is defined as a set of measurable functions. Vf € F, f : X —
[0,1]. There is nothing special about the interval. A set of training data Z4 =
{(zs, f(z:))} ™, whose elements are independent identically distributed according
to some probability measure P on X is available.

This is the usual definition of a training set In PAC learning the size of the
training set that guarantees some properties (discussed later) is called sample
complexity. A linear neural network generates functions from the family F of
functions.



Definition 2. (Linear neural net or ) A linear neural network is a
connectionits network with one input layer of neurons and a summation node
as the only element of the output layer. The node transfer functions are elements
of a set  of fized, typically nonlinear basis functions.

The LNN performs the mapping f( , ) — [ ,1], where € are adjustable
parameters of the network (weights), f = ,., ;i i+ ,and ;€ . isa
family of functions such as radial basis functions, polynomials, or wavelets.

We are to estimate the approximation of f € F to a target function that
we only know through its examples. We assume that the family of functions
can approximate the unknown function. The similarity between two functions is
measured as follows.

Definition . (Distan e et een t o un tions) iven two measurable
functions f, : X — [0,1] and a uniform probability measure P on [0,1], the
expected value of the di erence f(x)  (z) is the following pseudometric

d (f, )= [fl@ (z) P(dz)

This measure is the expected value of the difference of the two functions. There-
fore, for highly similar functions f and ,d (f, ) approaches zero. The function
learning problem is to find the function f € F that best approximates the tar-
get function which we only know through examples. That is, the expected
error d (f, ) is minimized . If we bound the difference or error by we can
tell whether for a set of examples the functions are at a distance -close . In
the following we call hypothesis any f produced by F as an approximation to
the target function

Definition . error generator e a le A sample set =[z1,2, ,Tp)
is an  error generator example if d [ (), ] , thus the hypothesis  di ers
from by more than

We will call the set of these points the error generator set of eramples or
(,)=P"{ exm:d[(), ] }
The Vapnik-Chervonenkis dimension is a measure of the capacity of a ma-
chine to partition some input space in two classes.

Definition . ( i ension) A set of functions f(z, ) € F has dimension
dyc if there exists d,. samples in  that can be shattered by this set of functions
but there do not exist dy. + 1 samples that can be shattered. Thus, d,. is the
cardinality of the largest set that can be shattered into all 2¢  partitions of two
classes. f large arbitrary finite sets are shattered by F then the dimension

is said to be infinite dimension will be represented by dy.(F .

The VC dimension of a learning machine varies with the task. This is, the
machine capacity for function learning problems is not the same as that for
classification problems. Nonetheless, for the two network models studied in this



paper the VC dimension remains without change regardless the type of the task
[ ,21, ]. The VC dimension of a LNN is + 1, where is the number of nodes
(see efinition 2)

Definition . algorit An algorithm ., is said to be ro a 1
roi atel orre t ( Yif ( ,)—=0as —  foreach 0.
If an algorithm is PAC, then for each | 0, there exists such that

P*{ eX™:d [() ] } v

In other words, using a set of examples of size at least drawn with fixed
probability distribution P™, the hypothesis returned by the algorithm will have
error less than  with confidence at least 1 . For a learning algorithm to
be PAC, it is necessary the VC dimension of a network to be finite. By using
the PAC learning framework it is easy to derive a lower bound to the sample
complexity for the function learning problem. This has been shown elsewhere in
the literature [21,20, ,2,1,17] but given the clarity of his exposition we prefer
the one by Natarajan [9]. This is a distribution-free bound for function learning.
sing an example set whose size is

—{ dvcln6—+lng} (1)

another example drawn with the same probability of distribution will have error
at most with confidence at least 1

The distance between two functions is central in the next definition. We
approach the function learning problem from the -cover perspective in a function
space.

Definition . ( o er) An cover for F is the set of functions {d;},—, € F
such that for any f € F, there is a d; such that d (f,d;) . An  cover with
minimal size is called minimal cover, and its size is denoted as ( ,F,d ).

Then an -cover is a subset of all functions {f1,f, ,f } that can be generated
by F. At least one element of the -cover is guaranteed to be -close to any
f € F. Therefore, the ability of F to generate -covers of pertinent size is
essential for our goal. If the target function is one of {fi,f, ,f } then at
least one function in the -cover would be a valid approximation, and ultimately
our solution. Thus, the learning problem can be seen as the generation of an
-cover. ERM algorithms have been proved able to generate the minimun cover,
therefore neural networks with finite VC dimension and trained by an ERM
algorithm will produce a hypothesis -close to the target hypothesis.
The following definition is a theorem proved in [22] (page 169). This theorem
links the size of the example set for which there is an -cover of functions to the
-error generator set of examples.

Definition . (T e algorit is ) The minimal empirical risk
algorithm is A  to accuracy for any fized distribution whenever

() " : f



Bounding the probabilistic factor ( , ) by the confidence , we can immediately
derive the bound on the sample complexity that makes true the PAC-learning
expression P {d (f, ) )} . Thisis:

_ln_

The parameter indicates the size of the 2-cover (covering number). If the
2-cover is minimal, can be replaced by its estimation: ( 2,F,d ). An
upper bound on the size of the 2-cover (proved by Kolmogorov [13]) is

(,Fd) 27

forall f e F, f:[, ]® = ,Lis the Lipschitz constant of F, and d is
measured in the uniform distribution. It is worthy to see in the expression above
how the number of representatives (functions) in the set cover depends only on
the size of the Lipschitz constant (since we can consider , ,d,and as
known parameters of the problem). The constant is an indicator of the richness
or capacity of F to produce the -cover that contains the solution. The formula
above is valid in the infinite norm ().

Definition . (Li s it on ition) et f be a continuous function in [ , |.
f there is a finite constant 0 such that

fle) flz) =z (2 €[, ]), £(0)=0,

then we say that f satisfies the ipschitz condition or f is a ipschitz continuous
function.

The constant is defined in the norm . The following expression states the
relationship between measures in the norms and in a d dimensional
space: (1, ) d ()

In the following we calculate the new bounds for sample complexity by con-
structing on the estimation of the Lipschitz constant.

unction learnin it S

The first problem we want to consider is the estimation of the sample complex-
ity of simple functional link neural network for function learning. Higher order
neural networks are perhaps the most common representative. A simple func-
tional link network implements a linear mapping by means of polynomials of one
variable [16].

Le al. (Li s it onstanto a a il o ol no ials) The ipschitz
constant  of a family  of polynomials of the form  (x) = ,_; zt + , of
order and coe cients ; , 1s upper bounded as follows ( + )2



Proof
By definition of Lipschitz constant

f@) F(O)
18 0 70
For a family of polynomials  of the form  (z) = ,_; ; z'(z) + , the
gradient becomes
x
( () ) — z;L,z 1 + 3
x i
n the interval [ 1,1], thus by making = 1and =1, the series becomes
(m()a:): 14+2zx+32 + z + = )

The series attains its maximum value when x = 1. The expression becomes
the addition of natural numbers for which the cumulative can be bounded as
follows:

142243z + 2 + = )= (1+2+3+ + + ) % V oz 1
Therefore, (in norm ) is upper bounded as follows:
( +)2 Vze[ 1,1)¢

Both sides of the ine uality are expressed in . With some abuse of the

notation, the subindex in the Lipschitz constant denotes the norm of the en-
vironment where L is defined. It should clarify the further simplification (see
efinition 7).

Now the main theorem on sample complexity for SFLNN. Assume the net-
work uses as basis functions the family of polynomials whose Lipschitz constant
was just found.

T eore 1. (a le o leit or learning un tions eans
o L ) ora family of functions €[ 1,1]¢ with minimal 2 cover, the
empirical Tisk minimization algorithm finds an approrimation f €  to the tar
get function  with accuracy and confidence parameters and  whenever the
sample complezity is

a +)2

—In



The family of polynomials admits only one dimensional input spaces, therefore
d=1. Thus,

Proof
Substituting the bound for the Lipschitz constant into T eore 1, the result
follows.

si lee a le. Assume we wish a SFLNN to learn an approximation to
a target function, one from the entire repertory of functions in F. What is the
sample complexity for the following re uired (expected) behavior
Max error: =01
Confidence: =090
Size of the learning machine: = ( = ,see efinition 2)
Largest coefficient: =
The evaluation of the sample complexity formula yields:

33

In Table 1 we show the sample complexity bounds for two network size in
the uniform distribution, and in the distribution free environment (for this latter
case we use the E uation 1).
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Radial basis functions neural networks (RBFNNs) have two virtues: They are
built as the summation of linearly independent basis functions, commonly aus-
sians, and they are capable of universal approximation [1 ]. We are to derive a
lower bound on the sample complexity re uired by a neural network for
function learning in the PAC framework. The VC dimension is e ual to the num-
ber of nodes for as long as the basis functions remain fixed [ ]. This is to say
the only adaptable parameters are the weights thus defining properties of the
basis functions are fixed. Holden and Rayner [ ] discuss this issue althought their
bound remains rather general. Niyogi and irosi [1 ] also working on statistical
procedures derived an upper bound to the approximation error in the norm

They also derived a loose bound to the approximation error by constructing



on the PAC formalism and the covering numbers. In [1 ] the PAC formalism
is applied to networks with wavelets as node function. ur procedure yields a
tighter bound and it is expressed in terms of practical network properties (as
the number of nodes).
The typical radial basis function, centered at  and with radius , is the
aussian
(z )

)

(z) = exp(
In statistics, the center and radius parameters represent average and variance of
the normal probability distribution. Examples of the function at center =0

and for radiuses =01 and = 02 are shown in Figure 1. Note that the
function attains its maximum value when z =

aussian unctions

ther common choices are:

Cauchy function

Inverse multi uadratic

(z )+

T eore 2. (Li s it onstanto a a il o aussian un tions) The
ipschitz constant  of a family of aussian functions of the form  (z) =

- i i®), i(x)= with ; = and coe cients ; , 18 upper
bounded as follows (<) —



Proof
By definition of Lipschitz constant

fe) F(O)
) i)
For a family of aussians of the form (z)= ,_; ; , the gradient
becomes
(!L‘) _ 9 ia; i _
(z) i=1 i

This expression shows a peculiar response to the values of z. When z = ;, the
exponential achieves its largest value but the factor 2—= becomes zero. Thus,
an inspection analysis will not be enough to find the maximum of the function.
Hence, let us calculate the maximum of the gradient through its derivative.

¢ 2 ;—= ) 2z ) 20 ), (_2)
d(x) -
a( 2 i— ) —— (@ ) 2
) - e
Making the expression e ual to zero and writing for z, we have now
@ ) 2 —
(z ) _ 2

Thus,

~.

2

This expression allows the calculation of the maximum and minimum of
the function. For example, the maximum and minimum of the gradient of the
aussian function with center =0 and radiusr=01 are: X,,, =0 7 and
Xmi =0 2 Figure 2 shows the original aussian function (on the left side),
and its gradient (on the right side). The calculated maximum and minimum of
the gradient of the aussian are also shown.



aussian function and its gradient

We continue with the estimation of a bound to the gradient of the aussian
function. We will substitute = — + (that maximizes the gradient) into the

gradient e uation and solve it for our primary goal

(@) _ 9 I T =L 4,
(=) i 2
Taking derivatives we get the following:
@ _ oy i 2+ -
@ o i
(2) _ 2
(.Z') =1 g
(z) _ 2 1
(z) =1 @
Assuming the coefficients are bounded as , and that all the aussian

functions of the network have the same radius, and for terms of the series, the
summation yields:

Which in conse uence is an upper bound to the Lipschitz constant of the family
of aussian functions:

Again, both sides of the ine uality are expressed in which we can trans-
form into . We obtain:



d

| oo

We have now the possibility to enunciate the main theorem on sample com-
plexity of RBFNNs. Assume the network uses as basis functions the family of
aussians whose Lipschitz constant was just found.

Le a2.(a le o leit or learning un tions eans
o a ial asis un tions) or a family of functions  with minimal 2

cover of the form  (x) = ,_; i (x), i(x) = with ; = and

coe cients , the empirical risk minimization algorithm finds an approx

imation f €  to the target function with accuracy and confidence parameters
and whenever the sample complexity is

d

—1In

Proof
Substituting the bound for the Lipschitz constant into T eore 2, the result
follows.

si  lee a le. Assume we wish a RBFNN to learn an approximation to a
target function, one from the entire repertory of aussian functions in F. What
is the sample complexity for the following expected behavior
Max error: =01
Confidence: =090
Size of the learning machine: = ( = ,see efinition 2)

Radius: =10
Input dimensional space: d = 1
Largest coefficient: =

The evaluation of the sample complexity formula yields:
2 37

In Table 2 we show the sample complexity bounds for two network size in
the uniform distribution, and in the distribution free environment (for this latter
case we use the E uation 1).

A comparison of the estimated sample complexity re uired by SFLNNs and
RBFNNs (see Tables 1 and 2) is thought-provoking since it seems to indicate
easier function learnability with RBFNNs.

onclusions

We have derived two new bounds to the sample complexity for function learning
tasks by two families of linear neural networks: SFLNNs and RBFNNs. We also
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calculated the Lipschitz constant of these families. A proof of the correctness of
this procedure is brie y discussed in [7]. The bounds proposed by SLT assume
distribution-free data so they are loose upper bounds. It is natural to expect
tighter bounds for especific probability distributions but it is certainly worth to
mention that they are smaller in around one order of magnitud. A very inter-
esting result on the bound to the sample complexity for function learning using
radial basis functions is that it is independent of the position of the centers, ;.
This means that a training algorithm to find weights and position of the centers
can be computationally expensive, but that will not reduce the sample complex-
ity.
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