18 CHAFTER ONE

In 1832, when Galois was only 20 years old, he was challenged to a
duel. What argument led to the challenge is not clear: some say the issue
was political, while others maintain the duel was fought over a fickle
lady’s wavering love. The truth may never be known, but the turbulent,
brilliant, and idealistic Galois died of his wounds. Fortunately for mathe-
matics, the night before the duel he wrote down his main mathematical
results and entrusted them to a friend. This time, they weren’t lost—but
they were only published 15 years after his death. The mathematical
world was not ready for them before then!

Algebra today is organized axiomatically, and as such it is abstract.
Mathematicians study algebraic structures from a general point of view,
compare different structures, and find relationships between them. This
abstraction and generalization might appear to be hopelessly im-
practical—but it is not! The general approach in algebra has produced
powerful new methods for “algebraizing” different parts of mathematics
and science, formulating problems which could never have been formu-
lated before, and finding entirely new kinds of solutions.

Such excursions into pure mathematical fancy have an odd way of
running ahead of physical science, providing a theoretical framework to
account for facts even before those facts are fully known. This pattern is
so characteristic that many mathematicians see themselves as pioneers in
a world of possibilities rather than facts. Mathematicians study structure
independently of content, and their science is a voyage of exploration

through all the kinds of structure and order which the human mind is
capable of discerning. ;
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OPERATIONS

Addition, subtraction, multiplication, division—these and many others
are familiar examples of operations on appropriate sets of numbers.

Intuitively, an operation on a set A is a way of combining any two
elements of A to produce another element in the same set A.

Every operation is denoted by a symbol, such as +, %, or =. In this
book we will look at operations from a lofty perspective; we will discover
facts pertaining to operations generally rather than to specific operations
on specific sets. Accordingly, we will sometimes make up operation
symbols such as = and © to refer to arbitrary operations on arbitrary
se1s.

Let us now define formally what we mean by an operation on set A.
Let A be any ser:

An operation * on A is a rule which assigns to each ordered pair
(a, b) of elements of A exactly one element a*b in A,

There are three aspects of this definition which need to be stressed:

1. a=b is defined for every ordered pair (a, b) of elements of A. There are
many rules which look deceptively like operations but are not, because
this condition fails. Often 4 * b is defined for all the obvious choices of
a and b, but remains undefined in a few exceptional cases. For
example, division does not qualify as an operation on the set B of the
real numbers, for there are ordered pairs such as (3, 0) whose quotient
3/0 is undefined. In order to be an operation on B, division would
have to associate a real number a/b with every ordered pair (a, b) of
elements of B. No exceptions allowed!
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