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Sxxy=xp+1

Commutative
Yes O No O

Associative Identiry Inverses
Yes O No O Yes O No[O Yes 0 No O

6 x=y=max {x, y} = the larger of the two numbers x and y

Commutative Associative fdentity Inverses
Yes O Mo O Yes O No O Yes O No O Yes O No O
T xsy= ;?I_-lT (on the set of positive real numbers)
Commutative Associative Identity Inverses
Yes O No D Yes O No O YesO No O YesO No[O

C. Operations on a Two-Element Set

Let A be the two-element set A = {a, b}.

1 Write the tables of all 16 operations on A, (Use the format explained on page
20.)

Label these operations 0, to 0,,. Then:

2 Identify which of the operations 0, to 0,, are commutative,

3 Identify which operations, among 0, to 0., are associative.

4 For which of the operations 0, to 0, is there an identity element?

5 For which of the operations 0, to 0,, does every element have an inverse?

D. Automata: The Algebra of Input/Output Sequences

Digital computers and related machines process information which is received in
the form of input sequences. An input sequence is a finite sequence of symbols
from some alphabet A. For instance, if A = {0, 1} (that is, if the alphabet consists
of only the two symbols 0 and 1), then examples of input sequences are 011010
and 10101111, If A = {a, b, c}, then examples of input sequences are babbcac and
cccabaa. Ouiput sequences are defined in the same way as input sequences. The
set of all sequences of symbols in the alphabet A is denoted by A*.

There is an operation on A* called concatenation: If a and b are in A*, say
a=aa,...a,andb=4%kb, .. b_, then

sb=aa,...a,bb, ... b_

In other words, the sequence ab consists of the two sequences a and b end to end.
For example, in the alphabet A= {0, 1}, if a=1001 and b=010, then ab=
1001010,

The symbol A denotes the empty sequence.
1 Prove that the operation defined above is associative.
2 Explain why the operation is not commutative.,
3 Prove that there is an identity element for this operation.
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THREE

THE DEFINITION OF GROUPS

One of the simplest and most basic of all algebraic structures is the group.
A group is defined to be a set with an operation (let us call it *) which is
associative, has a neutral element, and for which each element has an
inverse. More formally,

By a group we mean a set G with an operation * which satisfies the

XIS

(G1) * is associative.

(G2) There is an element e in G such that a*e =a and e*a = a for
every element a in G.

(G3) For every element a in G, there is an element a” ' in G such that

-1 -1
a*ra =eanda #*a=e¢.

The proup we have just defined may be represented by the symbol
{ G, #}. This notation makes it explicit that the group consists of the set G
and the operation *. (Remember that, in general, there are other possible
operations on G, so it may not always be clear which is the group's
operation unless we indicate it.) If there is no danger of confusion, we
shall denote the group simply with the letter .

The groups which come to mind most readily are found in our
familiar number systems. Here are a few examples.






