CHAPTER

FOUR

ELEMENTARY PROPERTIES OF GROUPS

Is it possible for a group to have twe different identity elements? Well,
suppose e, and e, are identity elements of some group G. Then

e, *e,=¢, because e, is an identity element, and
g, *e, =g, because e, is an identity element
Therefore
e, =e,

This shows that in every group there is exactly one identity element.

Can an element a in a group have two different inverses? Well, if a,
and a, are both inverses of a, then

a,*(a*a,)=a,*e=a,
and

(a,*a)*a,=e=*a,=a,

By the associative law, a, *(a*a,) = (a, * @) * a,; hence a, = a,. This
shows that in every group, each element has exactly one inverse.

Up to now we have used the symbol # to designate the group
operation. Other, more commonly used symbols are + and - (*plus” and
“multiply”). When + is used to denote the group operation, we say we
are using additive notation, and we refer to a + b as the sum of a and b.
(Remember that a and b do not have to be numbers and therefore *sum"
does not, in general, refer to adding numbers.) When - is used to denote
the group operation, we say we are using multiplicative notation; we
usually write ab instead of a - b, and call ab the product of a and b. (Once
again, remember that ““product” does not, in general, refer to multiplying
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numbers.) Multiplicative notation is the most popular because it ls_snmp_l.e
and saves space. In the remainder of this book mlulpphcatwc notation will
be used except where otherwise indicated. In r_:artn:ular, when we repre-
sent a group by a letter such as G m‘_H,Iu will be understood that the
group’s operation is written as multipllc_almn._ . . , :

There is common agreement that in additive notation the rldﬂnht}f
element is denoted by 0, and the inverse of a is w_ritta::n_ as —a. (It is called
the negative of a.) In multiplicative notation the identity E]ﬂmilleIt is ¢ and
the inverse of a is written as a~' (*'a inverse™). It is also a tradition that +
is to be used only for commutative operations. _

The most basic rule of calculation in groups 1s the cancellation law,
which allows us to cancel the factor a in the equations ab = ac and
ab = ca. This will be our first theorem about groups.

Theorem 1 If G is a group and a, b, c are elemenis of G, then

(i) ab= ac implies b=¢ and
(ii) ba=ca implies b=c

It is easy to see why this is true: if we multiply (on the left) both sides
of the equation ab = ac by a”', we get b =c. In the case of ba = ca, we
multiply on the right by a . This is the idea of the proof; now here is the
proof:

Suppose ab = ac
Then a'(ab) = a"'(ac)
By the associative law, (a'a)b=(a'a)c
that is, eb=ec
Thus, finally, b=¢

Part (ii) is proved analogously. . ,
151 general, we cannot cancel a in the equation ab = ca. (Why not 4]

Theorem 2 If G is a group and a, b are elements of G, then
- -1
ab=e implies g=h and b=a

The proof is very simple: if ab=e, then ab=aa"', so by the

et =1
cancellation law, b =a ', Analogously, a=b |
This theorem tells us that if the product of two elemffnts is equlal to e,
these elements are inverses of each other. In particular, if @ is the inverse
of b, then b is the inverse of a. .

The next theorem gives us important information about computing
iNverses.







