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SUBGROUPS

ILet G be a group, and § a nonempty subset of G. It may happen (though
it doesn’t have to) that the product of every pair of elements of § is in §
.If it happens, we say that S is closed with respect to multiplication. ThEn‘
it may happen that the inverse of every element of § is in 5. In that case:

we say that § is closed with respect to inverses. If bo i
: th th
happen, we call § a subgroup of . ese things

Whep Fhe operation of G is denoted by the symbol +, the wording of
lhfzsmle definitions must be adjusted: if the sum of every pa'ﬁ- of elements of
§is in §, we say that § is closed with respect to addition. If the negative of
every element of S is in S, we say that § is closed with respect fo negatives
If both these things happen, § is a subgroup of G. L

‘I-tor example, the set of all the even integers is a subgroup of the
additive group Z of the integers. Indeed, the sum of any two even
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integers is an even integer, and the negative of any even integer is an
even integer. :

As another example, 0" (the group of the nonzero rational numbers,
under multiplication) is a subgroup of R* (the group of the nonzero real
numbers, under multiplication). Indeed, @* C B* because every rational
number is a real number. Furthermore, the product of any two rational
numbers is rational, and the inverse (that is, the reciprocal) of any
rational number is a rational number,

An important point to be noted is this: if § is a subgroup of G, the
operation of S is the same as the operation of G. In other words, if a and b
are elements of §, the product ab computed in § is precisely the product
ab computed in G.

For example, it would be meaningless to say that (Q* -} is a
subgroup of {R, +}; for although it is true that {J* is a subset of R, the
operations on these two groups are different.

The importance of the notion of subgroup stems from the following
fact: if & is @ group and 5 is a subgroup of G, then § itself is a group.

It is easy to see why this is true. To begin with, the operation of G,
restricted to elements of S, is certainly an operation on 8. It is associative:
for if @, b, and ¢ are in &, they are in G (because §C G); but G is a
group, so a(bc) = (ab)c. Next, the identity element e of G is in § (and
continues to be an identity element in §) for § is nonempty, so § contains
an element a; but § is closed with respect to inverses, so § also contains
a '; thus, § contains aa ' =e, because § is closed with respect to
multiplication. Finally, every element of § has an inverse in § because § is
closed with respect to inverses. Thus, § is a group!

One reason why the notion of subgroup is useful is that it provides us
with an easy way of showing that certain things are groups. Indeed, if G is
already known to be a group, and § is a subgroup of G, we may conclude
that § is a group without having to check all the items in the definition of
“group.” This conclusion is illustrated by the next example.

Many of the groups we use in mathematics are groups whose
elements are functions. In fact, historically, the first groups ever studied
as such were groups of functions.

F(R) represents the set of all functions from R to [, that is, the set of
all real-valued functions of a real variable. In calculus we learned how to
add functions: if f and g are functions from R to F, their sum is the
function f + g given by

[f+ gl(x)=f(x) + g(x) for every real number x

Clearly, f + g is again a function from B to K, and is uniquely determined

by fand g.
F(R), with the operation + for adding functions, is the group






